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1. INTRODUCTION 
Let (G, Q) be a finite transitive permutation group and let d be a subset 
of Q of maximal size such that the pointwise stabilizer Gd has even order. 
We determine the simple groups G in which the setwise stabilizer of d induces 
the alternating or symmetric group on d. The 4-transitive groups with this 
property were determined recently by Oyama, whose theorem is stated below. 
Let D = G, and let U be a Sylow 2-subgroup of D. Then (i) N(D) is the setwise 
stabilizer of d, (ii) D is tightly embedded in G (i.e., 1 D ( is even, while / D n D” / 
is odd whenever g E G - N(D)), and (iii) N(D) = DN(U). In particular, 
iV(D)d = N(U)d, and so our hypothesis is equivalent to the condition that 
N(U)” 2 Ah(d). 
We say that (G, Q) is a (c,f)-group if (i) G is (at least) c-transitive on Q, 
(ii) / G 1 is even, and (iii) f is the maximal number of points of .Q fixed by an 
involution of G. 
THEOREM [26]. Let (G, $2) be a (4,f)-group, and let A be an f-element subset 
of Q such that G, has a nontrivial Sylow 2-subgroup U. If N(U)A 3 Alt(A) 
then (G, J2) is one of the following groups (in its natural representation): S, (n 3 4), 
A,, (n 3 6), AI, (n = II, 12,23,24). 
In extending Oyama’s result from (4, f )-groups to (1, f)-groups, we assume 
that f > 5: the simple (1, f)-groups for which 1 <f ,< 4 are known (see 
[6, 9, 271). We use Aschbacher’s results [2, 31 on tightly embedded subgroups 
to obtain 2-local conditions on G which ensure that G satisfies the hypotheses 
of a recent classification theorem. Our principal result is the following. 
MAIN THEOREM. Let (G, Q) be a simple (I, f)-group, f > 5, and let A be an 
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f-element subset of Q such that G, has a nontrivial Sylow 2-subgroup U. If 
N(U)” > Alt(d) then one of the following holds. 
(a) G is isomorphic to one of PSL(3,4), M2, , Mz3 , Mz4 ; / 52 / = 21,22, 
23, 24 and f = 5, 6, I, 8, respectively. 
(b) j Q = f + 4 and (G, .Q) = Alt(Q). 
(c) f = 5, G g J1 and G, (w E Q) is th e normalizer of a Sylow-2-subgroup 
of G. 
(d) f = 8, G s MC and G, (u E 52) is isomorphic to A, . 
Here Ji denotes Janko’s simple group of order 175,560; MC denotes 
McLaughlin’s simple group of order 898,128,OOO; and A, denotes the perfect 
central extension of A, of order 2 1 A, j. Conversely each of the groups listed 
in (a)-(d) satisfies the hypothesis of the theorem. For those in (a), U is elementary 
Abelian of order 16, N( U)d = Alt(d) and C( U)d = 1; in (b), U is a four-group, 
and N(U)d = C( U)d = Sym(d); in (c) and (d), j U / = 2 and N(U)d = 
C(U)” = Alt(d). 
If (G, Q) satisfies the hypothesis of the main theorem then either (I) C( U)d = 1 
or (II) C(U)” > Alt(d); these two cases are considered in Sections 2 and 3, 
respectively. Unless it is stated otherwise, notation is as in [15, 361. Throughout 
the paper, (G, Q) is a (1, f)-group, f > 0, d and U are as defined above, and 
D = G, . The 2-rank, sectional 2-rank of a group X are denoted by m(X), 
r(X), respectively. A d-involution in a permutation group is an involution 
with precisely d fixed points. 
2. CASE I 
For the first three lemmas, we assume only that (G, s;Z) is a (l,f)-group, 
f > 0. Let g be an element of G - N(D) f or which a Sylow 2-subgroup R of 
Dg n N(D) has maximal order, and let S be a Sylow 2-subgroup of RD such that 
R < S. Without loss of generality, U = S n D. Let X be the normal closure 
of D in G. 
LEMMA 2.1 (Aschbacher). If R = I then N,(D) is strongly embedded in X. 
Proof. [2, Theorem 2(2)]. 
LEMMA 2.2 (Aschbacher). If R # I then each of the following holds. 
(i) N,(R) z R. 
(ii) N,(R) = C,(t) for every t E R#. 
(iii) R is a TI-subgroup of S. 
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Proof. (i) [2, Theorem 2(l)]. 
(ii) We have R = S n Dgg N,(Dg), and so N,(Dg) = R x N,(DQ). 
Now C”(t) < N,(Dg) < N,(R) = C,(R). 
(iii) If R n R* > 1 (s E S) then s E N,(Do) < N(R). 
LEMMA 2.3 (Aschbacher). If R # 1 then one of the following holds. 
(a) U is cyclic OY (generalized) quaternion or dihedral. 
(b) S = R x U. 
(c) N,(R) 4 S. 
(d) Q(R) = 1 and S has a subgroup W of index 2 such that R < W, 
1 WI = IRj3andRzZ(W)= W’=@(W). 
Proof. Let J = Dg n RD, and let bars denote homomorphic images in 
RDIO,p(D). The subgroup s is tightly embedded in m; Ns(R) is a Sylow 
2-subgroup of Nrn(R); and Ns(a) = N,(R), of order ( K 12. The lemma now 
follows by applying [2, Theorem 31 to a. 
For the remainder of this section, we assume that (G, Q) < Alt(Q), N( U)A > 
Ah(d), C(U)d = 1, and f > 5. Let T be a Sylow 2-subgroup of G containing S; 
then Z(T) < C(U) < D, whence T normalizes D and U. We shall determine 
the structure of T (Theorem 2.8). Since C(U) < ND(U) and A, 2 N( U)/N,( U), 
A, is involved in Aut( U). By a theorem of Burnside [15, Theorem 5. I.41 A, 
is involved in Aut( U/@( U)), and consequently / U/@( U)l > 24. 
LEMMA 2.4. R is nontrivial. 
Proof. Deny. By 2.1, Nx(D) is strongly embedded in X. Let M = 02’(X) 
and let bars denote homomorphic images in G/O,,(M). By the main result of [6], 
either m(X) = 1 or ?@ is a simple Bender group. If m(X) = 1 then m(U) = 1 
and j U/@(U)\ < 2, a contradiction. Accordingly suppose that ii;f is a simple 
Bender group. Its outer automorphism group is solvable and so N(D)/(m) n 
ZC(M)) is solvable. Let Y/O,(M) = C(m). Since N,(D) is the normalizer 
of a Sylow 2-subgroup of X [6], we have N,(D) = D = N,(U), and U is a 
Sylow 2-subgroup of M. By Sylow’s theorem, Y < N(U) O,,(M), whence 
Y = Ny( U) O,,(M) = C,(U) O,,(M). Consequently P < D and N(D) n 
MC(a) < N(D) n %% = NM(D)is = D. Therefore IV(D)/D is solvable, a 
contradiction. 
We may now apply Lemmas 2.2 and 2.3. Case (a) of 2.3 does not arise because 
/ U/@(U)1 > 24, and case (b) d oes not arise because C(U) < D. To deal with 
cases (c) and (d) we require the following three results. 
LEMMA 2.5. N(U)d = Ah(A). 
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Proof. Deny. Then T contains an element t such that td is a transposition. 
Since t is an even permutation of Q and (U, Q - A) is semiregular, the order 
of t is either 2 or the 2-part of / Q - A 1. In the former case, t fixes precisely 
two points of Q - A and so 1 C,(t)/ = 2; therefore (t, U) is dihedral or semi- 
dihedral [34, Lemma 41, and r(U) < 2, a contradiction. In the latter case, 
[(t, U) : (t}] < 2 because / U j divides 1 Q - A /; then again r(U) < 2. 
LEMMA 2.6. Let U be an A,-invariant A,-indecomposable Abelian a-group 
with a unique noncentral A,-chief factor V. If the irreducible GF(2)A,-module V 
has dimension 4 then U = V. 
Proof. There are just two inequivalent irreducible GF(2)-representations of 
As of degree 4 and they are contragredient; one is given explicitly in [11, 
Sect. 2681. In either case, a 3-cycle x is fixed-point-free. Let X = (x); by 
115, Theorem 5.2.31, V = [V, x] and U = C,(X) x [U, X]. 
Form a graph 9 on the As-conjugates of X by joining distinct X1 , Xs if 
and only if [Xi , X,] = 1. Observe that 9 is connected. 
We may suppose that either U/C,(A,) = V or [U, A,] = V. In the former 
case, U = C,(A,) x [U, X] and so if [X, X”] = 1 then [U, X”] = [U, X, Xa] < 
IU, X]. Thus [U, Xa] = [U,X] and since 9 is connected, [U, X] is Ae- 
invariant. But U is As-indecomposable and so C,(As) = 1, U = V. 
If [U, A,,] = V then U = C,(X) x V because V = [U, A,] > [U, X] 2 
[V, X] = V. If Xa # X and [X, Xa] = 1 then U = C,(X x X”) x 
[U, X x Xa] = C,(X x X”) x V, whence C,(X) = C,(X x X”) = C,(X”). 
Since 9 is connected, C,(X) = C,(A,) and again U = V. 
LEMMA 2.7. In case (d) of Lemma 2.3, let 1 R / = 2”. If m > 2 then 
GL(m -j- 1,2) is not involved in Aut( U). 
Proof. Here 1 S 1 = 23m+1. Let Z = Z(W), where W is the subgroup of S 
specified in 2.3(d). Since R n W > 1 and Z = @p(W) < U we have Z = N,(R) 
by 2.2(ii); therefore N,(R) = R x Z 4 W. If N,(R) 4 S then IV,(R) - Z 
contains all S-conjugates of R; by 2.2(iii), R is a TI-subgroup of S and so 
[S : N,(R)] 1 R# / < 1 N,(R) - Z /, whence j S I < 23m, a contradiction. Hence 
W = NJRZ). Let S = W U WU, where u E U. We show that W = RYRZ. 
If 1 # rzERUn RZ (rER, FEZ) then r # 1 because R”nZ = 1: hence 
R” < C,(rz) = RZ, R”Z = RZ, u E N,(RZ) = W, a contradiction. Therefore 
RU n AZ = 1 and by a comparison of orders, W = RURZ. 
Next we show that all involutions of W lie in RZ v R”Z. If a E R”, b E RZ 
and (ab)2 = 1 then [a, b] = 1. Hence if a # 1 then b E RZ n C,(a) = 
RZ n R”Z = Z and ab E RzlZ, as required. It follows that Z = 52,( W n U) c 
(z E U: s2 = 1 and 1 C,(z)1 > 22”}. On the other hand an involution in U - Z 
has U-centralizer of order t2 sm. Indeed if u2 = 1 then u inverts the 2” - 1 
elements rr” (r E R#) of order 4, whence ( Cwnr,(u)I < 2”, I C,(u)1 << 2m+1. 
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Thus 2 = {z E U: a2 = 1 and 1 C,(z)/ 3 22”}, a characteristic subgroup of U. 
If 2 # Z(U) then W = C,(Z) and lV is characteristic in U. Now the simple 
group GL(m + 1,2) is involved in none of Aut(Z), Aut( W/Z), Aut( lJ/ W) and 
so by [15, Theorem 53.21, GL(m + 1, 2) is not involved in Aut( U). Suppose 
(by way of contradiction) that 2 = Z(U) and N (1 H < Aut(U), where 
H/N g GL(m + 1,2). Let K, L be the kernels of the natural homomorphisms 
from Aut( U) to Aut( U/@( U)), Aut(@( U)), respectively. Necessarily H/N s 
Aut( U/@( U)), Z = a(U), H = LN, and N = H n K. Thus GL(m + 1,2) g E, 
where L = L/(L n H n K), L centralizes 2, and z permutes transitively the 
involutions in U/Z. Now U/Z contains an involution wZ, where o(w) = 4; 
then v2 = w2 E Z for all v E wZ. The action off; forces v2 = w2 for all v E U - Z. 
Thus if Z = (w2) x A then w2A is the unique involution in U/A. Consequently 
U/A is cyclic or generalized quaternion [ 15, Theorem 5.4. IO]; this is a contradic- 
tion because U/Z is elementary Abelian of order 2m+1, and the lemma is proved. 
We can now determine the possible structures for T. We say that T is of 
type G,, if T is isomorphic to a Sylow 2-subgroup of G, . In 2.8, D, c Q8 is 
the central product of a dihedral group of order 8 with a quaternion group, 
E,, is elementary Abelian of order 2” and J2 is the Hall-Janko-Wales simple 
group of order 604,800. 
THEOREM 2.8. Let (G, G) be a (l,f)-group of even permutation, f 3 5, 
and let A be an f-element subset of Q such that Gd has a nontrivial Sylow 2-sub- 
group U. If N(U)” 3 Alt(A) and ;f C(U)A = 1 then one of the following holds, 
where T is a Sylow 2-subgroup of G. 
(a) f = 5, Ur El6 and T is of type PSL(3,4). 
(b) f=5, UrD,*Q,andTisoftype J2. 
(c) f E (6,7}, Us El6 and T is of type M,, . 
(d) f=8, UgEI,andTisoftypeM,,. 
Proof. We have remarked that we have to consider cases (c) and (d) of 
Lemma 2.3. Let 1 R 1 = 2”. In case (c) of 2.3, N,(R) 4 S. As in the proof 
of 2.7, / S / < 23m because R is a TI-subgroup of S. Thus ) U ) < 22m and 
m > 2. Now R is conjugate to a subgroup of U and (U, Q - A) is semiregular; 
therefore the orbits of (R, Q) have length 2” or 1. Since R 4 D, R has an orbit 
of length 2” on A; in particular, 2” < f. Since Azm < A, and Aut(U/@(U)) 2 
GL(2m, 2), we conclude that A,, is involved in GL(2m, 2). A comparison of 
orders shows that m < 3 and f < 9. 
Suppose that m = 2; then U G E,, and f < 8. If f = 5 then T = S = RU 
by 2.5; and by 2.2, T is of type PSL(3,4). If f is 6 or 7 then T/U= D, by 
2.5, and as in [28, Sect. 4(ii)(a)], T is of type Ma, . Iff = 8 then T is isomorphic 
to a Sylow 2-subgroup of a nontrivial extension of EIB by A, . If this extension 
splits, then T is of type IVIES ; otherwise T is of type Co .3 (Conway’s group, 
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denoted by .3 in [lo]). We exclude this second possibility by considering C(b), 
where b is an involution in U n Z(T). 
We have C(U) = ND(U); therefore D and C,(b) are 2-nilpotent. In particular, 
C(b) = C,(b) * NC(,)(U) = O,~(CD(W * u * CNW)(~) = 02,(W) Cm,(~), 
whence 
c(4/02~(c(w s cN(Lml(o2~(w)) n CN(“)W 
Certainly, 024C(W n Cm)(b) < 024C~d@); we prove the reverse inclusion. 
Since CNWMW) is isomorphic to an extension of E8 by GL(3,2), we have 
0,4CivwW) = WW)). Now 024v)) G O,~(CDPN n CN”,(@ d 
O&C(b)) n C,(,,(b), and it follows that O,,(C(b)) n C,&) = O,,(C,(,)(b)). 
Hence C(b)/Z*(C(b)) s C,,,,(b)/Z*(C,,,,(b)). By [31, Lemma 4.11 G = N(U), 
a contradiction. 
Suppose that m = 3. Then f is 8 or 9 and j U ) < 2’j. Since A, is involved 
in Aut(U), U is Abelian [21]. Let N be a minimal subgroup of N(U) such that 
Nd g A, , and let bars denote homomorphic images in N/C,(U). We have 
-- 
Nn U < C,(U) < Nn D and N/Nn Dr A,. Moreover Nn U is the 
Sylow 2-subgroup of N n D because (N n D)/(N n U) s (NU n 0)/U: hence 
N n D = O,(N). Now N 2 Aut(U/@(U)) 2 GL(6, 2) and so 1 O,(N)/ divides 
(26 - 1)(25 - 1); it follows that O,(N) < Z(N). But N, and hence N, is 
perfect, while the Schur multiplier of A, has order 2 [30]. Hence O,(N) = 1, 
N n D = C,(U), and Ng A, . There are just three nontrivial inequivalent 
irreducible GF(2)- re p resentations of A, of degree <6, two of degree 4, and 
one of degree 6. Consequently an N-chief series for U has precisely one non- 
central chief factor. By 2.6, either U is N-irreducible of dimension 6 or U = 
V x C,(N), where I’ is N-irreducible of dimension 4. By 2.5, [N(U) : NU] 
is odd and so conjugating N by an element of N(U) we may suppose that 
R < NU. Now R has a regular orbit of length 8 on A and so R contains an 
involution t which acts on U as a O-involution in A, . It follows from the 
character table of A, that if U is N-irreducible of degree 6 then / C,(t)1 = 16 
and if V is N-irreducible of degree 4 then / C,(t)1 = 8. By 2.2(ii), however, 
1 C,(t)1 = 8 and so U = V= E,, . Hence f = 8 and as before T is of type 
M 24’ This completes the treatment of case (c); we have seen that here T is 
of type PSL(3,4) or n/l,, or Mz4. 
In case (d) of 2.3, ) U j = 22m+1 and A,, is involved in GL(2m + 1,2). 
Again, a comparison of orders shows that m < 3 and f < 9. Since I U/@( U)l 3 
24, m is either 2 or 3. If m = 2 then 1 U / = 25; and 1 Q(U)/ = 2 because 
j C,(t)1 = 4 for each t E R# (Lemma 2.2). Since A, is involved in Aut( U), 
it follows from [21] that Ug D, * Qs and f = 5. By 2.5, T = RU, which 
is isomorphic to a Sylow 2-subgroup of Jz . Finally, the case m = 3 cannot 
arise because Lemma 2.7 shows that A, (isomorphic to GL(4,2)) is not involved 
in Aut(U). This completes the proof of 2.8. 
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In Corollary 2.10, we use some recent classification theorems to identify 
the simple groups which satisfy the hypothesis of Theorem 2.8. In determining 
their (1, f)-representations, the following elementary observation is useful. 
Remark 2.9. Let (G, 9) be a finite permutation group, w E Q, H = G, , 
gEH. 
(i) The number of points of Q fixed by g is 
I WI I cc&9 n H l/l H I. 
(ii) C(g) is transitive on the set of points fixed by g if and only if 
ccl,(g) n H = ccl&g). 
COROLLARY 2.10. If G is a simple group and (G, Q) satisfies the hypothesis of 
Theorem 2.8 then G is isomorphic to PSL(3, 4), M,, , M,, , or Mzd and 1 D j = 21, 
22, 23, or 24, respectively. 
Proof. In case (a) of 2.8, Gr PSL(3,4) by [16, Theorem C]. In case (b), 
G is isomorphic to J2 or Ja by [16, Corollary A]. Here J, denotes the Higman- 
JankoMcKay simple group of order 50, 232, 960; it has just one class of 
involutions and therefore cannot arise here by the main result of [27]. In case 
(c) of 2.8, [17, Th eorem A] shows that G has just one conjugacy class of involu- 
tions. Consequently the structure of the centralizer of an involution is known 
from [28], and we conclude from [17, Theorem A] that G is isomorphic to 
MS, or MZS - In case (d) of 2.8, [29, Theorem 1] shows that G is isomorphic 
to one of Mz, , L,(2), He: Held’s group He is excluded because N(U) involves A, 
[23, Sect. 31. The corollary now follows straightforwardly from 2.9, a knowledge 
of the maximal subgroups of the Mathieu groups [IO, p, 2351 and the following 
arithmetical facts: (i) j Q 1 = f mod / U /, (ii) (f - I)! / U / divides 1 G, ) 
(co E Q). 
3. CASE II 
Here we prove a result (Theorem 3.3) which is of use whenever 
E(C(U)/C,( U)) # 1. The definitions and basic properties of E( ) and F*( ) 
may be found in [14]. We write E for E(C(U)/C,( U)). Bars denote homomorphic 
images in N(D)/O,,(D); and when I< N(D) we write C(X) for the centralizer 
of X in N(D). 
LEMMA 3.1. If C(F*(B))” > Ed then for each b E U+, C(b) has a perfect 
normal subgroup X such that XA = Ed and X/Z*(X) g E/Z(E). 
Proof. Let c = C(F*(D))m, the stable term in the derived series of C(F*(fi)). 
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-- - - - 
We have [C, D] < C&J*(D)) < F*(D), whence [e, D, C] = I = [D, C, C]. --- 
By the three subgroup lemma [15, 2.2.31, [C, C, D] = 1. Since c is perfect, 
we have C(D) > (7, and so C(o)A > E”. 
Let Y/O,(D) = C(D). We h ave EA = E(YA) because E(C(U)A) = Ed < 
YA < C(QA = C(U)d. Now Ed4 C(b)A because Y < C(6) = C(b) and 
Yg N(D). Let X be a minimal subgroup of Y such that X 4 C(b) and 
XA = EA. Then X is perfect and X/(X n 0) s E. 
Now[X,XnD] GXn[Y,D] <XnO,,(D) <O,,(X),andsoXnD G 
Z*(X). Since 2*(X)/(X n D) is a solvable normal subgroup of X/(X n D), 
*we have Z*(X)/(X n 0) < Z(X/(X n D)). On the other hand, if z(X n D) E 
Z(X/(X n D)) then [a, X] < X n D < Z*(X), whence [.a, X, X] < O,(X). 
By the three subgroup lemma (applied to X/O,(X)), [X, X, z] < O,(X). 
But X is perfect and so z E Z*(X). Therefore Z*(X)/(X n D) = Z(X/(X n D)) 
and X/Z*(X) s E/Z(E). 
We note that the hypothesis of 3.1 is satisfied when E(D) = 1, for then 
F*(D) = O,(D) < oi. We shall use the next result to show that the hypothesis 
of 3.1 is satisfied whenever G is simple. 
LEMMA 3.2 (Aschbacher). If G is simple and E(D) f 1 then either m(U) = 1 
or U is elementary Abelian. 
Proof. By [2, Theorem 41, one of the following holds: (a) m(U) = 1; 
(b) U is elementary Abelian; (c) N(D) contains a Sylow 2-subgroup of D” 
whenever / N(D) n Dg j is even (g E G). If condition (c) holds then it also 
holds with the tightly embedded subgroup 02’(D) in place of D. In this situation, 
[3, Theorem l] applies, and we conclude that one of the following holds: 
(a) m(U) = 1; (b) U is elementary Abelian; (c’) G is isomorphic to Sz(2”) 
or U,(2”) and N(D) is strongly embedded in G. Possibility (c’) cannot arise 
here, however, because D is nonsolvable. 
THEOREM 3.3. Let (G, Q) be a simple (1, f)-group, and let A be an f-element 
subset of Q such that GA has a nontrivial Sylow 2-subgroup U. Let D = G, 
and let E = E(C(U)/C,(U)). Then for each b E Us, C(b) has a perfect normal 
subgroup X such that X/Z*(X) g E/Z(E) and XA = EA. 
Proof. If E(a) = 1 then the result follows from 3.1. If E(D) $: 1 then by 
3.2, U is either (generalized) quaternion or elementary Abelian. 
If U is (generalized) quaternion then Z(a) < Z(D) [8] and the Sylow - -- 
2-subgroups of D/Z(U) are dihedral. It follows from [20] thatF*(@ is isomorphic 
to SL(2, Q) (odd 4 > 3) or a perfect central extension of A, . Thus in Aut(F*(@) 
the centralizer of u is solvable. Therefore C(F*(D)) > C(o)m, C(F*(D))A 2 EA 
and our result follows from 3.1. 
If U is elementary Abelian then by [35], D <F*(B) = & x S, x ... x s, 
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(Y > 0) where S, < U and & ,..., s, are simple groups with Abelian Sylow 
2-subgroups. Let a~ C(n)m: we have 1 # D n Si < Si n Sid a Si, whence 
8EN(Si) (i = I,..., r). Each Si has a solvable outer automorphism group 
[35, 2.61, and so z induces an inner automorphism of si , say a$ E C(&) 
(ii E Si ; i = I,..., r). Then af, **a S, E C@‘*(D)), whence C(Cr)n < DC(l;*(D)). 
Again C(F*(@)d > Ed and our result follows from 3. I. 
Let b be an involution in G; a 2-component of C(b) is a perfect subnormal 
subgroup W of C(b) such that W/Z*(W) is a non-Abelian simple group. 
COROLLARY 3.4. If G is simple and C(U)* > Alt(A) then for each involution 
b E U, C(b) has a normal 2-component X such that X/Z*(X) s A, and X* = 
Ah(A). 
Aschbacher and Solomon have recently determined the finite simple groups 
in which the centralizer of some involution has a 2-component W such that 
w/z*(w>rA,,f 38( see Corollary 3.6). We can complete the identification 
of the simple (1, f)-groups G in which C(U)* > Ah(A) by showing that 
r(G) < 4 when f~ (5, 6, 7). 
Forg E G, let A(g) be the set of points fixed byg, and (when A(g) is nonempty) 
let K(g), D(g) be, respectively, the setwise, pointwise stabilizer of A(g). By a 
homocyclic group we mean a noncyclic group of the form Z, x .** x Z,, . 
LEMMA 3.5. If G is simple, if C(U)* > Ah(A), and if f E (5, 6, 7) then 
r(G) < 4. 
Proof. Let b be an involution in Z(U), chosen such that a Sylow 2-subgroup 
Q of C(b) has maximal order. We may suppose that U < Q < T, where T 
is a Sylow 2-subgroup of G. 
Consider first the case in which T < N(D). Since C(U)* 3 Alt(A), we 
have [T : UC,(U)] < 2. Let R be defined as in Section 2; conjugating by an 
element of N(D) if necessary, we may assume that R < T. The nonsolvable 
group N(D) is not strongly embedded in G (by [6]), and so R # 1 by 2.1. 
Since f < 8, R has order 2 or 4. If / R 1 = 2 then by 2.2, R x N,(R) is a self- 
centralizing subgroup of RU of order 4, and so r(U) ,( 2 [34, Lemma 43. 
If j R / = 4, let t be a nonidentity element of R n UC,(U), say t = UC, where 
u E U and c E C,(U). By 2.2, R z N,(R) = C,(t) = C,(U), thus U has a 
self-centralizing subgroup of order 4, and again r(U) ,< 2. Hence if Y( T/ U) < 2 
then r(G) = r(T) < 4. Now T/U 2 Sym(A) and so if r(T/U) > 2 thenfc (6, 7) 
and T/U is isomorphic to Z, x Z, x Z, or D, x Z, . In either case, T contains 
an element et such that ZtA is a transposition, VU E Z( T/ U), and r( T/(v, U)) = 2. 
As in the proof of 2.5, r((w, U)) < 2. Thus in any case, r(T) < 4 when 
T < N(D). 
Now suppose that T $ N(D), i.e., T does not permute A. Suppose (by way 
of contradiction) that / U / > 8, and let 6 E A. The orbit 6T is a union of 
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U-orbits, say n, of length 1, n2 of length 1 U I. Thus 1 6T 1 = rzr + ua i U 1 and 
0 < n, < f < 8. Now 8 does not divide 1 ST /; therefore / 6T / < 8 and 
fi2 = 0. Hence 6T C d, a contradiction. Thus / U / < 4, and so C,(b) is 2- 
nilpotent. Let bars denote homomorphic images in C(b)/O,(C(b)), and let X 
be the normal subgroup of C(b) given by Corollary 3.4. Since C,(b) = 0, we 
--- 
have [Co : %?] ,( 2. Moreover, X/Z(X) g A, and Z(X) = X n iJ. 
For the remainder of the proof, we assume that T contains no self-centralizing 
subgroup of order <8, for otherwise r(G) < 4 by [22, Theorem 21. If Q is 
elementary Abelian, then C(b) s A, x 2, x 2, and by choice of b, Q is a 
Sylow 2-subgroup of the centralizer of each of the three involutions in U. 
Now r(G) < 4 (in fact, GE Ja) by [22, Th eorem 41. Accordingly, we assume 
that Q contains a nonelementary Abelian subgroup W of order 16. Let rl be the 
union of all W-orbits of length 16. No involution in G fixes 8 points of s2 and 
so W has no orbits of length 8. Consequently, Q - n can be partitioned into 
W-invariant subsets @, I’, ,..., I’,., where I@[ =f-4 and Iril =4 (;= 
Y). Since W permutes d, r > 1 and we may take d = Cp u r, . We have 
;iG;, I > 4 (i = l,..., Y) and (since f < 8) Wr, n Wrj = 1 when i # j. Now 
r < “3 because W does not have four subgroups of order 4 with pairwise trivial 
intersection. Among the Abelian groups of order 16, only the homocyclic 
groups have as many as three subgroups with this property. Since j G 1 = 
4(r - 1) + f mod 16, we conclude that when r = 3, every Abelian subgroup 
of Q of order 16 is homocyclic. Considering the structure of a Sylow 2-subgroup 
-- 
of XU, we see that this condition forces Xg a, g SL(2, 5), \ U ! = 4, 
[Q : Q n XU] = 2, and exp(Q) = 4. Then Q contains an element 4 such 
that qd is transposition; 4 is an involution because the 2-part of j Sz - d / 
is 8. Now let I’ be a maximal Abelian subgroup of T containing (q, b); then 
V = C,(V) < Q, I V ( = 16. Since q is nonsquare in Q, I’ must be elementary 
Abelian, a contradiction because I V n X 1 > 4. Thus r < 2. And Y = 2 
because otherwise T < N(D), as in the previous paragraph (this time expressing 
6T (6 E d) as a union of W-orbits). 
Now / 52 1 E 8 -t (f - 4) mod 16, and so Sz has a T-invariant subset Y/ 
off - 4 elements. Moreover, [T : T,] < 2. If TV contains a central f-involution 
t, then Tp < K(t) and T,/(T, n D(t)) d Sym(d(t) - ?P). Hence [T, : TY n 
D(t)] < 8. Moreover I TY n D(t)! < 4 because (TF n D(t), D -A(t)) is 
semiregular and / D - d(t)/ z 4 mod 16. Consequently j T 1 < 26. If cl(T) f 2 
then by the principal results of [35] and [13], G has just one conjugacy class 
of involutions; but then T = C,(b) < N(D), contrary to assumption. Hence 
cl(T) > 2 and therefore r(T) < 4 as required. Accordingly we suppose that 
TF contains no central f-involution. Let y E r, where I’ is a T-orbit of length 
68 on 52 - Y. Let S = T-p,Y, and let t be an involution in Z(S). We 
have Z(T,) x S < C(t), and (Z(T,) x S) n D(t) = S n D(t). Therefore 
(Z(T,) x S)/(S n D(t)) 2 Sym(d(t) - ‘Y), whence [S : S n D(t)] 5: 2. Again 
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j S CT D(t)/ < 4, and so j T 1 = [T : T,][T, : S][S : S n D(t)] 1 S n D(t)1 < 
2 * 23 * 2 * 2z = 2r. As before, r(T) ,< 4 when / T / < 26, and so we suppose 
that / T / = 2’. Then ) S n D(t)1 = 4, [S : S n D(t)] = 2, and 1 Z(T,)I = 2. 
We show that S g D, . First, S n D(t) is a four-group, for otherwise a generator 
would be an odd permutation of Q. Ifs E S - (S n D(t)) then sgtt) is a transposi- 
tion (because s fixes y Ed - ?P); h ence if s2 # I then o(s) = 4, while if 
s2 = 1 then Csnr,ct)(~) = (t). It follows that S g D, if QJS) < D(t), while 
S z Z, x Z, if sZ,(S) < D(t). Since J Q - d(t)/ = 4 mod 16, some orbit ,E of 
(S, Q - A(t)) is an (S n D(t))-orbit, and it follows that if S is Abelian then 
S = S, x (S n D(t)), a contradiction. Consequently S s D, . 
Suppose (by way of contradiction) that r(T) > 4. Then T has a subgroup L 
such that /L/@(L)/ = 32. If T = L then S@(T)(l T. Now W(S) < S n @P(T), 
and Z(T,) < @(T) b ecause @(T) 4 T, and 1 Z(T,)j = 2. It follows that 
S@(T) = S x Z(T,); then al(S) = Bi(S@( T)) g T, a contradiction. Suppose 
that [T : L] = 2, and let F be a cyclic subgroup of L of order 4: then W(F) = 
Q(L) = Z(T,), and so each orbit of (F, s2 - !P) has length 4. The T-orbit I’ 
is the union of two F-orbits, say olF and /3F. Let Y be the subgroup of L fixing 
c&’ and /3F setwise. [L : YJ < 2 because F a L. Also Y/L,, 5 S, , and so 
(La,, 1 > 4. Now [F, LaF] < L,, n D(L) = 1 and (since f < 8) L,, permutes 
,6F faithfully. Since FeF is self-centralizing in Sym(pF), we must have L,, s Z, . 
Then Q(L) <L,, , a contradiction. If [T : L] = 4 then L is Abelian and 
therefore has no orbit of length 8 or 16. Since / D ) = f + 4 mod 16, D contains 
(at least) two L-invariant 4-element subsets; the corresponding pointwise 
stabilizers have order 28, and so their intersection is nontrivial. This is a 
contradiction because f < 8, and so we conclude that always r(G) < 4. 
COROLLARY 3.6. If (G, Q) is a simple (1, f)-group, f 3 5, and C(U)A 2 
Alt(A) then one of the following holds. 
(a) j Q / = f + 4 and (G, Q) = Alt(O). 
(b) f = 5, G G J1 and G, (w E Q) is the normalizer of a Sylow 2-subgroup 
of G. 
(c) f = 8, Gr IMe, and G, (W E Q) is isomorphic to A7 . 
Proof. When f > 8, the combined results of Aschbacher [4, 51 and Solomon 
[32, 331 show that G is isomorphic to one of A, (n 2 12), MC, L. (Here L 
denotes the Lyons-Sims group of order 2* * 3’ * 56 * 7 . 11 * 31 * 37 * 67.) Let 
b be an involution in U, and let H = G, (some 6 E A). If G g L then f = 11 
and C,,(b) e a,,: by [24, Theorem 6.11, b E Z*(H), contradicting 2.9(ii). 
If G s MC then f = 8 and C,(b) G a7 . By 2.9(ii), all involutions in H are 
H-conjugate and so H has generalized quaternion Sylow 2-subgroups. Hence 
H = C,(b) O,,(H) [S]. If O,,(H) > 1 then C,(b) normalizes a nontrivial 
elementary Abelian p-subgroup P for some odd prime p. If s is an element 
of order 7 in C,(b) then C,(s) = (s) x (b); hence s acts semiregularly on P#. 
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Now arithmetical considerations force P to be a Sylow 3-subgroup of G, a 
contradiction. Hence O,(H) = 1 and H G A, . Since b is the unique involution 
in H, 2.9 shows that our hypotheses are satisfied by G permuting the right 
cosets of H. 
Next we show that if G G A, (a > 11) then n = f + 4 and only the natural 
representation of G satisfies our hypothesis. Let v be an isomorphism G -+ 
A, = AIt( / Q* 1 = n. Considering the structure of centralizers of involu- 
tions in A,, , we find that [C(b) : C,(b) x X] = 2, where b is an involution 
in U and X is the normal subgroup given by Corollary 3.4. Moreover, Xp, = A, , 
the pointwise stabilizer of Q* - A *, where A* is somef-element subset of .Q*. 
Let d be an element of C,(b) such that drp is an (n - 4)-involution in A, ; 
ds, is An-conjugate to some element cp, of X9. Now XT F+ svo* and xv F+ xd 
(x E X) are two representations of A, of degree f, and so c fixes .f - 4 points 
of d. But c is an f-involution because c is conjugate to d E D; therefore c fixes 
precisely four points of Q - A. Now C,(b) < C(c) and so a Sylow 2-subgroup 
of C,(b) has order <4. Hence C,(b) e 2, x 2, , X g A,-, , and n = f + 4. 
Let 6 E A, H = Gs . We show that X, is a standard subgroup of H, that is 
(i) X, is a quasi-simple group which centralizes none of its H-conjugates, 
and (ii) h E N(X,) whenever h E H and 1 C,(X,) n C,(X$ / is even. Condition 
(i) is clearly satisfied. Suppose that b’ is an involution in C,(X,) n CH(X#. 
Then b’p, is anf-involution and therefore An-conjugate to by. By 2.9(ii), b’ is 
H-conjugate to b. Considering C,(~)IJJ, we see that C,(b) contains a unique 
G-conjugate of X, . The same is true of C,(U) and so X, = XSh as required. 
Now H is a core-free group with a standard subgroup X, z Afdl , f - 1 > 6. 
By the main theorem of [4], H s A,-, , and it follows that (G, S) = Alt(Q). 
To complete the proof, we suppose that f~ (5, 6, 7). By 3.5, r(G) < 4. 
Modulo the groups Re(q)* of Ree type, Gorenstein and Harada [19] have 
determined the finite simple groups of sectional 2-rank at most 4. Of the groups 
in their list [19, p. 21 the following are excluded here because they do not 
contain an involution whose centralizer has a homomorphic image isomorphic 
to A, or S, (5 <f < 7): L,(q) (odd q > 3); L3(q) (odd q > 5); U,(q) (odd 
q > 5); G,(q) (odd q > 5); b2(q) (odd q > 5); PSp(4,q) (odd 4; JWq)* 
(q an odd power of 3); L,(q) (odd q & I mod 8); U,(q) (odd q + 7 mod 8); 
L,(q) (4 = -1 mod 4); u&d (4 = 1 mod 4, q > 5), L,(8), &(16), L,(4), Sa(8), 
A,, A,, Ml,, M,, , n/r,, . The groups J3, MC, and L are ruled out by the 
main result of [28]. The remaining groups are L,(5), U,(5), G,(5), Dh2(5), 
U,(5), A,, A,, , A,, , Ml,, J1, and J2. We consider these groups in turn; 
as before, b is an involution in U, 6 E A and H = G, . 
If G s L3(5) th en C(b) g GL(2, 5) f = 5, C(b)/C,(b) s S5 , C,(b) g -G , 
and C,(b)/C,(b) E S, . Now 2” * 3 divides / M 1, and so / 9 / divides 53 * 31. 
Since / 52 / = 1 mod 4, 1 52 / is 25 or 125; but it follows from the character 
table of L3(5) [25] that G has no representation of degree 25 and no subgroup 
of order 25 . 3 * 31. Hence L,(5) does not arise. 
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If G s U,(5) thenf = 5, C,(b) = (b), C@)/(b) s S, , and C,@)/(b) g S, . 
By 2.9, H has just one class of involutions. Moreover H has semidihedral 
Sylow 2-subgroups, while C,(b) contains an element of order 3 which normalizes 
but does not centralize a quaternion subgroup of C,(b). But U,(5) has no 
such subgroup (e.g., by [l, Propositions II 1 .l and II 2.21). 
If G g G,(5) thenf = 5, C(b)/C,(b) g S, , C,(b)/C,(b) s S, , and C,(b) s 
SL(2, 5). By 2.9, H has just one class of involutions. A Sylow 2-subgroup 
of H is generated by its involutions [18, Lemma 4.1 I(ii)], and it follows that 
H/O,,(H) is fusion-simple. By a theorem of Harris [I& Theorem 3.31 H/O,,(H) 
has a normal subgroup of odd index isomorphic to G,(r) or D42(~) for some 
odd r, and this is a contradiction. A similar argument rules out D,?(5). 
If G g U,(5) then f = 5 and without loss of generality b = diag(-I, --I, 
1, 1,l). Then C(b) is the split extension ofL, x Mb by (w& wherel, E SU(2,5), 
Mb g SU(3, 5), w0 = diag(h4, h4, 1, h-4, X-4), (X) = GF(52)#, (b) = Z[L,), and 
C,(b) = (b) M,,(w,). Thus d(b) = d(r) for every 2-element y E Mb#; in 
particular, d(b) = d( ), c w h ere c = diag(1, 1, 1, -1, -1). Now c is conjugate 
to b and so d(b) = d(c) = d(z) for every 2-element z E MC+. This is a con- 
tradiction because L, ,( MC . 
If G g A, or G s A,, then 2.9 together with a knowledge of the character 
table of G suffices to show that (G, a) = Ah(Q). If Gr A,, then (G, G) = 
Ah(Q) by the second paragraph of this proof. 
If G G Ml2 then f = 5, C(b) s Z, x S, , C,(b) = (6), and C,(b) G 
Z, x S, . Considering the maximal subgroups of Ml2 [lo, p. 2351, we find 
that / H / = 26 . 3 because H contains a Sylow 2-subgroup T of G. By 2.9, 
j ccl&) n H ) = 4; but this is impossible because 1 ccl,(b) n T j = 16 [7, 
Theorem 21, Case II]. 
If G z I1 thenf = 5, C(b) z Z, x A, , C,(b) = (b), and C,(b) s Z, x A, . 
Let T = O,(C,(b)), a Sylow 2-subgroup of G. By 2.9 the seven involutions 
in T are conjugate in H, hence also in N,(T). Therefore 23 * 3 * 7 divides 
/ NH( T)(, and it follows that H = N(T). This provides our second example in 
which C(U)” = Ah(d). 
Finally if Gg J2 then f = 5, C(b)/C,(b) g A, , and C,(b) is isomorphic 
to Z, x Z, or D, * Qs . Considering the maximal subgroups of G containing 
a Sylow 2-subgroup of G, we find that 1 H) < 2’ * 3 * 5 [12, Theorem 11. 
If z is an involution in Z(T) then / ccZo(z) n H ) 3 1 cc&(z) n T ( = 11 
[16, Lemma 5.1, Proposition 6.11. Using these two bounds, 2.9(i) shows that 
j d(z)] 3 11, a contradiction. 
The main theorem now follows from Corollaries 2.10 and 3.6. 
4. REMARKS 
In the context of multiply transitive groups, Oyama’s theorem (Section 1) 
raises the following question. If G is c-transitive on G, when is N(U) c-transitive 
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on A ? The elementary remarks 4.1, 4.2, 4.3 provide sufficient conditions 
for N(U) to be c-transitive on A. Analogs of these remarks hold in respect 
of odd primes. 
Remark 4.1. Suppose that (G, Q) is a (c,f)-group, f >, c > 0. If U is 
weakly closed in N(U) with respect to G then N(U) is c-transitive on A. 
Proof. Let I’ be a c-element subset of A and let S be a Sylow 2-subgroup 
of Gr containing U. If Ug < Gr. (g E G) then UQh < S for some h E G, . By 
hypothesis, N,(N,( U)) = N,(U); hence U a S, UQ” ,< N(U) and so Ugh = U. 
Thus UQ and U are conjugate in Ge and the result follows from [36, Theorem 
9.41. 
Remark 4.2. Suppose that (G, 52) is a (c,f)-group,f >, c > 0. If C(U)” = 1 
then N(U) is c-transitive on A. 
Proof. If UQ f N(U) and g E G - N(D) then by 2.2, UQ < C(U), contrary 
to hypothesis. Thus if UQ < N(U) then UQ ,( N,(U) whence UQ = U, and 
the result follows from 4.1. 
Remark 4.1 also shows that N(U) is c-transitive on A when / U / > f 3 c. 
The next remark provides a slight improvement of this result. 
Remark 4.3. Suppose that (G, Q) . 1s a (c, f)-group, f > c > 0. If j U 1 > 
f - c then N(U) is c-transitive on A. 
Proof. If f = c then the result is clear because N(D)d = N(U)“; accordingly 
we suppose that f > c. Let @ and Y be two ordered c-element subsets of A, 
and suppose that @ = Yg (g E G). Let S be a Sylow 2-subgroup of G, containing 
U. Since UQ < G, , there exists x E G0 such that UQx < S. Let .Z be an orbit 
of (S, 52 - @). Since 2 is a union of U-orbits, 1 Z ) = n, + n2 J U j, where 
n, ,ns are nonnegative integers and ni < f - c < j U /. If 1 U / divides / Z / 
then n, = 0; otherwise 1 U / > / Z / and n, = 0. It follows that S permutes 
A - Q, and S < N(D). Since lJgx has no orbit of length ) U j on A - @, we 
have UQx < S n D = U. Now gx E N(U) and Ygx = @. 
Finally, we remark that the methods of Sections 2 and 3 may be applied 
in the situation where N(U)” is assumed to be one of the other known 4- 
transitive groups, namely, Mk (k = 11, 12,23,24). If C(U)” = 1 and k E (11, 12) 
then / R 1 < 8 and (by 2.3) ) U/@(U)/ < 2’; this is a contradiction because 
M,, is not involved in GL(7,2). If C(U)” = I and k E (23, 24) then / R / < 16 
and 1 U/@(U)] < 2p, a contradiction because M, is not involved in GL(9,2). 
Hence E( C( U)/C,( U)) z Mk and (by 3.3) for each involution b in U, C(b) 
has a normal 2-component X such that X/Z*(X) g Mk . Simple groups in 
which the centralizer of some involution has such a 2-component are the subject 
of current investigations. 
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